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$f\in L^{2}(\Omega)$ $H^{2}(\Omega)$ $\Omega$ regular
$v_{h}$
$\Vert v-v_{h}\Vert_{H_{0^{1}}(\Omega)}$ $\leq$ $C_{0}h\Vert f\Vert$ .
$\Vert\cdot\Vert_{H_{0}^{1}(\Omega)}$ $\Vert\cdot\Vert$
















$\{\begin{array}{l}\triangle u=-\lambda_{1}u^{2}-\lambda_{2}(sin2\pi xsin2\pi y)^{2} in \Omega u=0on\partial\Omega\end{array}$
1.
’
find a solution $u\in H_{0}^{1}(\Omega)$ of
$\{\begin{array}{l}\triangle u=-F(u)in\Omega u=0on\partial\Omega\end{array}$
$\Omega$ $F$ $H^{1}(\Omega)$ $L^{2}(\Omega)$
:
find $u$ $\in$ $H_{0}^{1}(\Omega)$ such that










$V$ $:=\{v\in H_{0}^{1}(\Omega)|v=-KF(u),\forall u\in U\}$
$V\subset U$
$V$ $-KF$
$V$ Rounding Rounding Error
$S_{h}$ : $h$ $\Psi_{i}(i=1, \cdots, n)$
$n$ $\subset H_{0^{1}}(\Omega)$
$S_{h}^{\perp}:$ $S_{h}$ $H_{0}^{1}$
$R(V)$ (rounding of $V$ ) : $R(V)\subset S_{h},$ $V$ $S_{h}\sim$ $H_{0}^{1}$ -projection
$RE(V)$ (rounding error of $V$ ) : $RE(V)\subset S_{h}^{\perp}$
$V\subset R(V)\oplus RE(V)$
:
(2) $R(V)\oplus RE(V)$ $\subset U$
$R(V)$ . $RE(V)$ $S_{h}$
$h$ $\Omega$ $C_{1}(h)$ Poisson
$(\nabla v, \nabla\phi)$ $=$ $(f, \phi)$ $\forall\phi\in H_{0}^{1}(\Omega)$
$v$
$(\nabla v_{h}, \nabla\phi_{h})$ $=$ $(f, \phi_{h})$ $\forall\phi_{h}\in S_{h}$
$v$ $v_{h}\in S_{h}$
(1) $\Vert\nabla v-\nabla v_{h}\Vert$ $\leq$ $C_{1}(h)\Vert f\Vert$
$R(V)$ $RE(V)$
$R(V)$ $=$ $\{v_{h}\in S_{h}|(\nabla v_{h}, \nabla\psi)=(F(u), \psi)$
$\forall\psi\in S_{h},$ $\forall u\in U$ }
$RE(V)$ $=$ $\{v\in S_{h}^{\perp}|\Vert\nabla v\Vert\leq C_{1}\sup_{u\in U}\Vert F(u)\Vert\}$
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$V\subset R(V)\oplus RE(V)$ $R(V)$
$R(V)$ $\subset\sum_{j=1}^{n}[\underline{a}_{j},\overline{a}_{j}]\psi_{j}$
$[\underline{a}_{j}, \overline{a}_{j}]=\{a\in R|\underline{a}_{j}\leq a\leq\overline{a}_{j}\}$ :
$\psi_{j}(j=1, \ldots, n)$ : $S_{h}$ .
$R(V)$




(1) $U$ $R(V),$ $RE(V)$




$(R(V)+\Sigma_{j}^{n_{=1}}[-\delta, \delta]\psi_{j})$ $R(V)$ $[-\delta, \delta]$










$\overline{\nabla}v_{h}$ $\nabla v_{h}$ $L^{2}- projection$




$\hat{P}_{r}$ : $L^{2}(\Omega)arrow\hat{S}_{h}$ .
$\overline{\triangle}v_{h}$ $\overline{\nabla}v_{h}$ divergence :
$\overline{\triangle}v_{h}=\nabla\cdot\overline{\nabla}v_{h}$
Lemma 1 $v_{h}\in S_{h}$
$(\overline{\nabla}v_{h}, \nabla\phi)+(\overline{\triangle}v_{h}, \phi)$ $=0$ $\forall\phi\in H_{0}^{1}(\Omega)$
(1) $v,$ $v_{h}$
$(\nabla v-\nabla v_{h}, \nabla\phi)$ $=$ $(\overline{\nabla}v_{h}-\nabla v_{h}, \nabla\phi)+(\overline{\triangle}v_{h}+f, \phi)$ ,
$\forall\phi\in H_{0}^{1}(\Omega)$
$\phi=\nabla v-\nabla v_{h}$
$\Vert v-v_{h}\Vert$ $\leq$ $C_{2}(h)\Vert\nabla v-\nabla v_{h}||$
$h$ $C_{2}$
[12]
$\Vert\nabla v-\nabla v_{h}\Vert$ $\leq$ $\Vert\overline{\nabla}v_{h}-\nabla v_{h}\Vert+C_{2}(h)\Vert\overline{\triangle}v_{h}+f\Vert$
$C_{1}$





$\{\begin{array}{l}\triangle u=-\lambda_{1}u^{2}-\lambda_{2}(sin2\pi xsin2\pi y)^{2}in\Omega u=0on\partial\Omega\end{array}$
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$C_{1}(h)$ Fig 2 $C_{1}(h)=O(h^{1/2})$




$(\nabla\hat{u}_{h}, \nabla\psi_{i})$ $=$ $(\lambda_{1}\hat{u}_{h}^{2}+\lambda_{2}(\sin 2\pi x\sin 2\pi y)^{2}, \psi_{i})$ $\forall\psi_{i}\in S_{h}$ .
$w_{h}$ : $0$ $S_{h}$ ;
$[-0.003394400, 0.003394400]$
$[\alpha]$ $:=\{v\in S_{h}^{\perp}|\Vert v\Vert_{H_{0}^{1}(\Omega)}\leq\alpha\}$ , $\alpha=0.09498869$
$C1$
Fig.1 Approximate solution $\hat{u}_{h}$ Fig.2 The value of $C_{1}$
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